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For a particle confined to the 2D helical surface embedded in 4D Euclidean space, we deduce the
effective Hamiltonian in the thin-layer quantization formalism. We find that the gauge structure
of the effective dynamics is determined by the torsion that plays the role of U(1) gauge potential,
and the topological structure of associated states is defined by the orbital spin that originates from
the 4D space. Strikingly, the response to torsion contributes quantum Hall effect, and the response
to the deformation of torsion provides Hall viscosity that is perfectly presented as simultaneous
occurrence of multiple channels for quantum Hall effect. The result can directly provide a way to
probe the Hall viscosity.
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I. INTRODUCTION
The quantum Hall effect (QHE) was observed in two-
dimensional (2D) systems at low temperature and in
strong magnetic field [1, 2]. For quantum Hall (QH)
states, the geometrical and topological features are long-
standing projects. A prominent feature is the quantized
Hall conductance, which results from the topological
characteristics of QH states determined by magnetic sin-
gularities [3], and which is seen as a transversal response
to the electromagnetic field. An important progress of
the QHE in recent years is the Hall viscosity (HV), which
is originally generated by the metric perturbation [4], and
which is seen as an adiabatic response to gravitational
anomaly [5, 6] or framing anomaly [7]. Alternatively, the
HV is also created by an inhomogenous electromagnetic
field [8]. Recently, it is measured in graphene [9]. For
the topological structure of QH sates, the quantized Hall
conductances can be realized by parity anomaly [10, 11],
or by the topological charge of defects [12]. Without
external magnetic field, the quantum anomalous Hall ef-
fect [13–16] shows more geometrical features, and the as-
sociated geometric responses can be represented by or-
bital spin [17]. Therefore, it is necessary to find that a
2D quantum system can exhibit the QHE and the HV
without external electromagnetic field.
A 2D curved surface embedded in a three-dimensional
(3D) Euclidean space R3 is characterized by curvature,
while that embedded in a four-dimensional (4D) Eu-
clidean space R4 should be in general described by cur-
vature and torsion. The torsion plays the role of gauge
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potential that is given in [18–21]. As a mathemati-
cal connection, the torsion is unphysical and immeasur-
able [22, 23], but in the presence of orbital spin it becomes
physical and measurable [20]. The response of orbital
spin to torsion leads to many universal features observ-
able. One of the most representative features is that the
quantized Hall conductance can be seen as an adiabatic
response to torsion. The result may provide a novel way
to investigate the QH physics in 4D space [24, 25].
We will explore a particle confined to a curved sur-
face with nonvanishing torsion that is embedded in R4,
and then we will derive the associated effective Hamil-
tonian and investigate the QHE and the HV induced by
geometry. The present paper is organized as follows. In
Sec II, we deduce the effective Hamiltonian for a particle
confined to the helical surface embedded in 4D space,
and discuss its gauge structure. In Sec. III, we cal-
culate the geometric magnetic field and the geometric
phase induced by torsion. In Sec. IV, we demonstrate
the QHE that is seen as an adiabatic response to torsion
for charged particles. In Sec. V, we find that the HV
is seen as a response of orbital spin to the position de-
pendence of torsion. Strikingly, the HV is presented as
simultaneous occurrence of multiple channels for quan-
tum Hall conductances. Section VI provides conclusions
and discussions.
II. EFFECTIVE HAMILTONIAN
We consider a helical surface S2 embedded in R4 that
can be parameterized by
r(r, z) = (r, z, r coswz, r sinwz), (1)
where the r and z coordinates have been mapped onto
the curved surface S2. And then the orthogonal four basis
vectors are given by Eq. (B2). The two tangent coordi-
nate variables r and s are used to describe S2, and the
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2FIG. 1. Schematic of a helical surface. r, s and n denote three
curvilinear coordinate variables. In the upper right figure, n3 and
n4 both are reduced coordinates by introducing a confining poten-
tial to constrain the ρ dimension.
two normal coordinate variables q3 and q4 are employed
to describe the neighbour space of S2 that are sketched
in Fig. 1. The point near to S2 can be parameterized by
R(r, z, q3, q4) = r(r, z) + q3n3(r, z) + q4n4(r, z), (2)
where n3 and n4 are two unit basis vectors normal to S2.
The geometry of S2 embedded in R4 has been discussed
in Appendix B.
To deduce the effective quantum dynamics for a parti-
cle confined to S2, we first consider a free particle in R4,
the Hamiltonian is
H = − ~
2
2m∗
1√
G
∂i
√
GGij∂j , (3)
where Gij and G are the inverse matrix and the determi-
nant of the metric tensor Gij with i, j = 1, 2, 3, 4. From
Eq. (3), the effective Hamiltonian describing the parti-
cle confined to S2 can be obtained by reducing q3 and
q4 [19, 26–28]. In order to show more geometric effects,
the reduction of q3 and q4 can be accomplished by in-
troducing a confining potential with SO(2) symmetry,
Vc = m
∗ω20ρ
2/2, where two polar coordinates (ρ, θ) are
employed to replace q3 and q4. Using the wave function
of the ground state of ρ (A9) and the formula (A10), we
can obtain the effective Hamiltonian as
Heff = − ~
2
2m∗
[(∂z + i
et
~
Az)2 + ∂2r ] + Vg, (4)
where the mapping r and z coordinates onto S2 is consid-
ered, et = ~l is a quantized orbital angular momentum,
a topological charge, describing the winding number of
particle moving around the s-direction. The topological
charge et really results from the embedding of S2 in R4,
and at first it is the θ-component motion defined in the
complement space of S2 in R4 that can be denoted as N2.
Converting the extrinsic angular momentum into an in-
trinsic one, a topological charge is perfectly provided by
the SO(2) symmetry of Vc [20]. The emergence of et in
Eq. (4) leads to the wave function owning certain topo-
logical structure. In other words, the intrinsic orbital
spin et originates from R4, and the topological property
of wave function is also from R4.
In Eq. (4), there are a geometric gauge potential Az
and a geometric scalar potential Vg, they are both impor-
tant ingredients to confirm the consistency of the effective
dynamics Heff . The geometric potential [27] Vg is
Vg = − ~
2
4m∗
τ2, (5)
where τ is the torsion of S2,
τ =
w√
2(1 + w2r2)
, (6)
which is position-dependent. Compared with the given
results in [29, 30], distinguishably, here Vg is a locally
attractive scalar potential without the repulsive one.
The presence of Az in Eq. (4) determines the U(1)
gauge structure of Heff . The strength and representation
content of Az are defined by a spin connection, that is
the normal fundamental form of S2 with n3 · ∂zn4 = τ ,
where τ denotes the twisted angle of the plane spanned
by n3 and n4 around the s-direction with a unit length
increasing along the z-axis. Due to n3 and n4 normal
to S2, Az results from the embedding of S2 in R4, and
it can be taken as a local rotation of N2 around a point
of S2 in the s-direction (sketched in Fig. 1). The axis
point of rotation does not belong to N2, so the rotation
is nontrivial singularity, and N2 has a particular topo-
logical structure. Under an infinitesimal rotation in the
s-direction,R = e−iθ, it easy to prove that the wave func-
tion |ψ〉 and the geometric gauge potential Az transform
in the following form
|ψ〉 → |ψ′〉 = R|ψ〉,
Az → A′z = Az + ∂zθ.
(7)
These transformations demonstrate that the geometry
intrinsic to S2 embedded in R4 can construct the U(1)
gauge structure of Heff .
Analogous to the electromagnetic field, the orbital spin
et plays the role of charge. It is known as a topologi-
cal charge that describes the winding number of particle
moving around a singular point in N2. The singular point
belongs to S2, not N2. Specifically, the orbital motion is
originally defined in N2, and Az describes the rotation
in N2 around a point of S2. It is straightforward that
the minimal coupling of Az is presented in the covariant
derivative like that of the electromagnetic field. In the
process, the confining potential plays an important role.
The SO(2) symmetry of confining potential is retained in
the wave function that leads the wave function to inherit
the topological property of N2.
As a consequence, the geometric gauge potential is pro-
vided by the embedding of S2 in R4, and the orbital spin
is preserved by the symmetry of the confining potential.
3Eventually, they are from R4, the dependences of q3, q4
and their associated derivatives. As a subsequence, the
geometry intrinsic to S2 can be employed to investigate
the QH physics in R4 [24, 25].
III. GEOMETRIC MAGNETIC FIELD AND
GEOMETRICAL PHASE
For Az playing the role of gauge potential in Eq. (4),
in the usual 3D orthogonal frame spanned by tr, ts and
n = tr × ts, the effective magnetic field can be obtained
Bn = ∂rAz = −
√
2
2
w3r
(1 + w2r2)
3
2
, (8)
where the subscript n denotes the direction normal to
S2 in R3. The geometric magnetic field Bn is local and
nonuniform, since it is a function of r, where r is the
distance of the point to the z-axis. As shown in Fig. 2,
at r =
√
2
2 d the geometric magnetic field Bn takes the
maximum absolute value, and the particle with certain
orbital spin will feel the strongest Lorentz-like force. As
a result, the particles with different orbital spins are sep-
arated. For positive orbit spin, the particles gather to the
outer edge of S2, for negative orbital spin the particles
converge to the inter edge. These results can be seen as
the response of orbital spin to torsion. The consequence
is reminiscent of the QHE. There is a striking feature that
the QHE is completely generated by the geometry intrin-
sic to S2 embedded in R4. It is worth mentioning that the
geometric magnetic field can have considerable strength
when the screw pitch of S2 takes a suitable value, such as√
2~
e Bnmax ∼ −12T for d ∼ 10nm, which is well in agree-
ment with the known results [31, 32]. A nonvanishing
field strength is a sufficient condition for the geometric
gauge potential A to have a physical effect, but it is not
necessary. Even in cases with vanishing field strength,
global Aharonov-Bohm effects can exist when the con-
straint hypersurface has nonvanishing torsion [33].
FIG. 2. The geometric magnetic field
√
2~
e
Bn versus r. The scale
unit for r-axis is the pitch d. The scale unit of the geometric
magnetic field is ~
e
with d = 1.
In the presence of Az, the particle with orbital spin
confined to S2 moving along the s-direction will gain an
additional geometrical phase as
∆φg =
∫ ze
z0
lτdz, (9)
where z0 and ze are the start value and the end value of
integral, respectively. Obviously, the geometrical phase
has ∆φg = lτ for a unit length of z-axis. Its sign depends
on the sign of the orbital spin, and its value increases
by increasing w, while it decreases when r takes larger
value. Therefore, the geometrical phase can be adjusted
by designing the geometry and the size of S2.
IV. QUANTUM HALL EFFECT
In the geometric magnetic field Bn, the particle with
orbital spin will feel a Lorentz-like force, F = erevslBn,
where vs is the s component of velocity. The force direc-
tion is er for a positive orbital spin, −er for a negative
one, and the force strength is proportional to the orbital
spin. As a consequence, the particles with positive or-
bital spin will accumulate to the outer side edge of S2,
and those with negative orbital spin will move to the in-
ner side edge. For charged particles, the redistribution of
particles will provide an electric field Er that is inhomoge-
nous. Therefore, the charged particle will feel Coulomb
force. For the force balance, there is eEr = evslBn. Due
to that the s component of current can be expressed as
js = envs, and js = σsrEr, the Hall conductivity [8] can
be obtained as
σsr =
e
Φ0
ν, (10)
where Φ0 = h/e is the effective flux quantum, which
is the effective magnetic flux contained within the area
2pi`2B , ν = n2pi`
2
B denotes a filling factor, describing the
number of particles coupled to flux quantum Φ0, wherein
n is the particle density, and `B =
√
1/lBn stands for an
effective magnetic length.
It is worthwhile to notice that the QHE is induced by
torsion, not external electromagnetic field. The topolog-
ical properties of QH states are provided by the emer-
gence of orbital spin in Heff . Those nontrivial properties
are from the ground states of ρ that are nontrivial ir-
reducible fundamental representations of SO(2). In the
presence of the geometric gauge potential, the Landau-
like energy level splitting is exhibited. The associated en-
ergy levels increase by increasing torsion. In the case of
vanishing torsion, the states below the Fermi energy EF
are fully occupied at zero temperature. By adiabatically
increasing torsion, the energy level for the maximum or-
bital spin will first reach EF , and then a channel for the
QH current appears. If the torsion continues to increase,
the energy for the next orbital spin will reach EF , a new
channel would appear.
4The orbital spin provides channels for particle moving
along s-direction without resistance, and the torsion of S2
plays the role of a key to open the channels. The orbital
spin transport, driven by an adiabatic change of the tor-
sion, is a fundamental probe of QH states with topologi-
cal characterization, complementary to the more familiar
electromagnetic response. The orbital spin highlights the
topological properties of the QH states and serves as an
ideal setting to probe their geometric properties. And
the orbital spin provides a new way to investigate the
geometrical features of QH state, and to encode the ex-
ternal geometric characterization in the intrinsic degree
of freedom. In other words, the intrinsic orbital spin pro-
vides an useful tool to probe the geometric responses and
to find more subtle features of QH state.
V. HALL VISCOSITY
The HV is determined by the nondissipative part of
the stress response to metric perturbation [4], and it can
be also created by an inhomogeneous electric field [8], or
special boundary conditions [34]. The metric perturba-
tion leads to the quantum geometry of guiding center [35]
that is related to the HV. In the present paper, the tor-
sion of S2 has the normal fundamental form in Eq. (B5)
that is antisymmetric in the metric tensor Gij , and that
describes the nondissipative part of the stress response in
the considered system. As an Abelian SO(2) orbit con-
nection, the geometric gauge potential Az plays the role
of the gravitational Abelian Chern-Simons action [17] to
generate the HV.
Specifically, for the charged particle with orbital spin
confined to S2, the geometric gauge potential plays the
role of a magnetic field, and there are torsion-induced
Landau levels that are macroscopically-degenerate mul-
tiplets. In the presence of the geometric gauge poten-
tial, the dynamical momentum of the particle confined
to S2 is pia ≡ pa + ~lAa, with [xa, pb] = i~δab , and
[xa, xb] = [pa, pb] = 0 [35], where x
a(a = r, z) describes
two local coordinates of S2. The guiding centers are
Xa = xa − (`2B/~)εabpib, and they commute with the
dynamical momenta. As a consequence, we can deduce
the noncommutative relationship for the guiding centers
in the following form
[Xa, Xb] = iεab`2B . (11)
In the above calculations, the geometric magnetic field
Bn = ∂rAz and `B =
√
1/lBn are considered. The non-
commutativity of the guiding centers can be also deduced
by the geometry-induced noncommutativity of two dif-
ferent components of momentum [36]. According to the
charge conservation law, we can obtain
ηA =
l
2pi`2B
, (12)
which describes the HV. This result is in full agreement
with that given by Read [37] as n¯ = 1
pi`2B
that denotes
the charged particle density.
FIG. 3. With a certain twisted coefficient, two Landau-like ener-
gies cross with EF at different positions of r.
In the helical surface, the torsion response contributes
the QHE like the electromagnetic response, and the r-
dependent of torsion contributes the HV. In the inho-
mogeneous geometric magnetic field Bn, the Landau-like
level decreases as r increases that is described in Fig. 3,
as the effective background potential U(r) (see Appendix
C). Therefore, the two energy levels of l = 1, 2 can cross
with EF at different positions of r simultaneously. In
other words, there are two channels for Hall current at
same time (see Fig. 4), as long as the electric field induced
by the inhomogeneous distribution of charged particles
is strong enough to fully balance the effective magnetic
field Bn. The simultaneous occurrence of multiple Hall
conductances is a direct manifestation of the HV.
FIG. 4. The two channels of l = 1, 2 for Hall current.
More specifically, for the contribution of Hall current
the two channels have slightly difference that can show
some details of the HV. The Hall current contributed by
the inner channel is larger than that contributed by the
outer one. The current difference can be calculated as
δI = I0(
1√
1 + w2r21
− 1√
1 + w2r22
), (13)
5where I0 is a current contributed by the charged particles
with a unit orbital spin in a flat surface, and r1,2 denote
the positions of l = 1, 2 channels, respectively.
VI. CONCLUSIONS AND DISCUSSIONS
As conclusions, we have deduced the effective Hamil-
tonian describing the particle confined to a helical sur-
face embedded in a 4D Euclidean space by the thin-layer
quantization approach. We have shown that a geomet-
ric gauge potential and a geometric scalar potential ap-
pear in the effective Hamiltonian. The geometric gauge
potential determines the U(1) structure of the effective
Hamiltonian that minimally couples with an intrinsic or-
bital spin. For charged particles, we further found that
the response of orbital spin to torsion contributes the
QHE, and the adiabatic response to the r-dependent of
torsion provides the HV. Moreover, the HV is presented
as simultaneous occurrence of multiple channels for QHE.
Hence, by measuring the Hall current changed by torsion,
one can determine the HV.
These results imply two tantalizing significances. First
is that the orbital spin provides a way to directly probe
the HV, a geometrical response, which will significantly
extend the research area of QHE. The other is that the
torsion can be employed to investigate the special QH
physics in 4D space. Specifically, the geometrically in-
duced gauge potential can provide a platform to display
the quantum physics defined in 4D space. A new re-
search area at the frontier of QH system aims to observe
and manipulate the HV. Designing the geometrical and
topological structures can become a powerful tool for im-
proving the quantum devices with multiple applications
in quantum computation and information processing that
remains to be investigated.
Experimentally, the torsion can be provided by discli-
nation [38], screw dislocation [39], or dispiration [40], and
the particles with orbital spin can be generated by spiral
phase plate [41], or by a versatile holographic reconstruc-
tion technique [42]. The geometry of 2D helical surface
can be used to manipulate the phase singularity of par-
ticle with orbital spin [43, 44].
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APPENDIX A: THE EFFECTIVE
HAMILTONIAN FOR A CURVED SURFACE
EMBEDDED IN A 4D EUCLIDEAN SPACE
In the appendix, a 2D curved surface embedded in 4D
Euclidean space is considered. For convenience, r(x):
M2 → R4 is employed to denote the embedding of M2 in
R4, where x stands for a set of xa(a = 1, 2) denoting the
two tangent coordinates of M2. In the case, F can be
spanned by two tangent vectors ta = ∂ar (a = 1, 2) and
two normal vectors nk (k = 3, 4), the four coordinates
are orthonormal each other. In the immediate neigh-
borhood of M2, the position vector R can be expressed
by R(x, y) = r(x) + yknk(x), where yk describes the dis-
tance from a point toM2 in the nk(x)-direction. In terms
of the definitions Gij ≡ ∂iR · ∂jR (i, j = 1, 2, 3, 4) and
gab ≡ ∂ar · ∂br, Gij can be obtained as
Gij =
(
γab + ymynA
mo
a A
no
b ymA
lm
a
ymA
km
b δkl
)
, (A1)
where
γab = gab − 2ykαkab + ykylαkacgcdαldb, (A2)
here αkab = ta · ∂bnk are the second fundamental form
and Alma = n
l · ∂anm are the normal fundamental form.
It is easy to prove that the determinant of Gij is equal
to that of γab, G = γ. According to Eq. (A1), the inverse
of Gij is obtained as
Gij =
(
γab γacymA
ml
c
γbcymA
mk
c δ
kl + ymynA
km
c A
ln
d γ
cd
)
, (A3)
where γab is the inverse of γab.
To deduce the effective Hamiltonian for a particle con-
fined to the curved surface M2 embedded in R4, we con-
sider a free particle in R4 that can be described by the
Hamiltonian as
H = − ~
2
2m
1√
G
∂i
√
GGij∂j , (A4)
where (i, j = 1, 2, 3, 4) describe the four coordinate vari-
ables of R4. As the particle is confined to M2, in the
thin-layer quantization formalism we have to introduce a
confining potential [27], the Hamiltonian is replaced by
H = − ~
2
2m
1√
G
∂i
√
GGij∂j + Vλ(y), (A5)
where Vλ(y) is the confining potential, and y stands
for the coordinates normal to M2. For convenience, we
choose a coordinate frame F [19] that consists of two
tangent coordinates and two coordinates normal to M2.
In order to obtain a wave function describing the prob-
ability density for particle moving on M2, from the prob-
ability conservation we can in principle introduce a new
wave function |χ〉 = |γ| 14 |g|− 14 |ψ〉 by rescaling the ini-
tial wave function |ψ〉. And then the new wave function
6can be separated into a tangent component and a nor-
mal one analytically with |χ〉 = |χt〉|χn〉. Similarly, the
Hamiltonian (A5) is rescaled by
H′ = |γ| 14 |g|− 14 H|g| 14 |γ|− 14
= − ~
2
2m
|g|− 14 |γ|− 14 ∂i
√
|γ|γij∂j |g| 14 |γ|− 14
+ Vλ(y)
= − ~
2
2m
|γ|− 14 |g|− 14 (∂a|γ| 12 γab∂b
+ ∂a|γ| 12 γacymAmlc ∂l
+ ∂k|γ| 12 γbcymAmkc ∂b
+ ∂k|γ| 12 ymynAkmc Alnd γcd∂l)|g|
1
4 |γ|− 14
− ~
2
2m
(|γ|− 14 ∂k|γ| 12 ∂k|γ|− 14 ) + Vλ(y).
(A6)
In the subspace N2 spanned by n3 and n4, an angular
momentum operator can be defined by Lˆkl = i(yl∂k −
yk∂l) (k, l = 3, 4). Therefore, by introducing Da = ∂a +
1
2 iA
kl
a Lˆkl we can compactly rewrite Eq. (A6) as
H′ =− ~
2
2m
[|γ|− 14 |g|− 14 (Da|γ| 12 γabDb)|g| 14 |γ|− 14
+
3
16
|γ|−2(∂k|γ|)2 − 1
4
|γ|−1(∂2k|γ|)]
− ~
2
2m
|γ|− 14 |g|− 14 [(∂k|γ| 12 )γbcymAmkc ∂b
+ |γ| 12 (∂kγbc)ymAmkc ∂b
+ |γ| 12 γbcAmmc ∂b]|g|
1
4 |γ|− 14
− ~
2
2m
|γ|− 14 |g|− 14 [(∂k|γ| 12 )ymynAkmc Alnd γcd∂l
+ |γ| 12 (∂kγcd)ymynAkmc Alnd ∂l
+ |γ| 12 γcdynAmmc Alnd ∂l
+ |γ| 12 γcdymAkmc Annd ∂l]|g|
1
4 |γ|− 14
− ~
2
2m
∂2k + Vλ(y).
(A7)
For the thin-layer quantization scheme, the aim is to
obtain the effective Hamiltonian describing a particle
confined to M2. That is to separate the tangent com-
ponent of Eq. (A5) from the normal one analytically. In
other words, the final aim can be accomplished by elim-
inating the normal part in light of the extreme limit of
the confining potential. Therefore, the thin-layer quanti-
zation procedure comes down to solve the wave function
of ground state of the normal component [20], which can
be simply written as
H0 = − ~
2
2m
1
ρ
∂ρρ∂ρ − ~
2
2mρ2
∂2θ +
1
2
mw20ρ
2, (A8)
where ρ and θ are two polar coordinate variables that
are employed to replace the two coordinate variables y3
and y4 normal to M2, and the confining potential is se-
lected as Vλ(ρ) = limw0→∞
1
2mw
2
0ρ
2 that is invariant un-
der SO(2) transformation. According to Eq. (A8), the
wave function of the ground states of ρ can be obtained
as
|χ0,l〉 = Aeilθ(Bρ)|l|e−B2ρ2/2, (A9)
where A is a normalized constant with A =
√
2|l|+1B√
pi(2|l|−1)!! ,
B =
√
mw0
~ and ”!!” denotes a double factorial. In terms
of the wave function Eq. (A9) and the geometric formula
in [20, 21] we can describe the effective Hamiltonian by
the following expression
Heff = 〈χ0,l|H′ −H0|χ0,l〉0
= − ~
2
2m
〈χ0,l|[DaDa + 3
16
|γ|−2(∂k|γ|)2
− 1
4
|γ|−1(∂2k|γ|)]|χ0,l〉0.
(A10)
The simple formula is eventually attributed to the SO(2)
symmetry of Vλ.
In the presence of Vλ, the subspace N2 is extremely
squeezed. In the case of the sufficiently small size of N2,
we can take
γab = gab + 2ykα
ab
k + 3ykylα
cb
k α
a
lc +O(y
3), (A11)
where αabk is the second fundamental form that can be
interpreted as the elements of the Weingarten curvature
tensor of M2, and determine the well-known geometric
potential [27]. It is worthwhile to notice that the wave
function |χ0,l〉 in Eq. (A10) is the degenerate nontrivial
representation of SO(2) owing to the presence of Vλ(ρ)
in Eq. (A8). As a result, the angular momentum opera-
tor Lˆkl is minimally coupled in the covariant derivative
operator Da as a topological charge in |χ0,l〉. In Da,
the normal fundamental form Akla describes a rotation of
the plane spanned by n3 and n4 around the xa-direction,
and it is a torsion that plays the role of gauge potential.
Therefore, the effective Hamiltonian Heff describes a par-
ticle on a 2D curved surface in the presence of a geomet-
ric gauge field and a geometric scalar potential. In other
words, the effective dynamics of the particle confined to
M2 is invariant under local SO(2) transformation. As
promised, the confining potential Vλ is invariant under
the Abelian SO(2) ' U(1) transformation. Eventually,
the U(1) gauge structure of the effective Hamiltonian is
from the topological structure of N2 extrinsic to M2.
APPENDIX B: THE GEOMETRY OF A HELICAL
SURFACE EMBEDDED IN A 4D SPACE
A helical surface embedded in R4 is sketched in Fig. 1
that can be parameterized by
r(r, z) = (r, z, r coswz, r sinwz), (B1)
7where w is the twist angle per unit length along z-axis
(see Fig. 1), w = 2pi/d, d is the screw pitch, r is the dis-
tance to the central axis, r ∈ [rin, rout], and the width of
the strip is defined by D = rout − rin. Here the r and z
coordinates have been mapped onto the helical surface S2
embedded in R4. For the convenience of describing, an
adapted frame F is employed to describe the neighbour-
hood subspace of S2 that is spanned by two tangent basis
vectors t1 and t2 and two basis vectors n3 and n4 normal
to S2. According to Eq. (B1), the local orthogonal four
basis vectors can be calculated as
t1 = (1, 0, coswz, sinwz),
t2 = (0, 1,−wr sinwz,wr coswz),
n3 =
1√
2
(−1, 0, coswz, sinwz),
n4 =
1
η
(0,−wr,− sinwz, coswz),
(B2)
where η =
√
1 + w2r2. In terms of Eq. (B2) and the
definitions gab ≡ ∂ar · ∂br, αkab = ta · ∂bnk and Alma =
nl · ∂anm, (a, b = 1, 2) and (k, l,m = 3, 4), we can obtain
the first fundamental form of the metric tensor gab as
gab =
(
2 0
0 η2
)
, (B3)
the second fundamental form of the Weingarten curva-
ture tensor α3ab and α
4
ab as
α3ab =
(
0 0
0 w
2r√
2
,
)
, α4ab =
(
0 −wη
−wη 0,
)
(B4)
and the normal fundamental form of the connections Aij1
and Aij2 as
Aij1 =
(
0 0
0 0,
)
, Aij2 =
(
0 − w√
2η
w√
2η
0,
)
. (B5)
From Eq. (B3), it is straightforward to give the determi-
nant of gab as
g = 2η2. (B6)
According to Eqs. (A2), (B3), (B4) and (B5), we can
obtain
γab =
(
2 + w
2
η4 q
2
4 − 2wη q4 − w
3r√
2η3
q3q4
− 2wη q4 − w
3r√
2η
q3q4 η
2 +
√
2w2rq3 +
w4r2
2η2 q
2
3 +
w2
2η2 q
2
4
)
. (B7)
And then we can calculate the determinant and the inverse of γab as
γ = 2η2 + 2
√
2w2rq3 +
w4r2
η2
q23 −
2w2
η2
q24 −
√
2w4r
η4
q3q
2
4 +
w4
2η6
q44 , (B8)
and
γab =
1
D
(
2η8 + 2
√
2η6w2rq3 + η
4w4r2q23 + η
4w2q24 4η
5wq4 +
√
2η3w3rq3q4
4η5wq4 +
√
2η3w3rq3q4 4η
6 + 2η2w2q24 ,
)
(B9)
respectively, where D = 4η8 + 4
√
2η6w2rq3 + 2η
4w4r2q23 − 4η4w2q24 − 2
√
2η2w4rq3q
2
4 + w
4q44 .
In the thin-layer quantization scheme, it is important
that the confining potential with SO(2) invariance is in-
troduced to reduce the normal dimensions. The normal
dimensions q3 and q4 are confined in infinitesimal inter-
vals, in which the wave function satisfies Gaussian distri-
bution. By virtue of the infinitesimal values of q3 and q4
and the simple form of |χ0,l〉 Eq. (A9) and the geometric
formula Eq. (A10), we can use the following approximate
expressions
γ1/2 ≈
√
2η +
w2r
η
q3 − w
2
√
2η3
q24 , (B10)
γ1/4g−1/4 ≈1 +
√
2
4η2
w2rq3
− 1
16η4
w4r2q23 −
1
4η4
w2q24 ,
(B11)
and
γ−1/4g1/4 ≈1− 3
√
2
8η2
w2rq3
+
21
64η4
w4r2q23 +
3
8η4
w2q24 ,
(B12)
respectively.
8According to Eq. (A9), Eq. (A10) and the above ap-
proximations, the effective Hamiltonian describing a par-
ticle confined to M2 can be obtained as
Heff = − ~
2
2m
(∂z + ilτ)
2 − ~
2
4m
∂2r −
~2
4m
τ2, (B12)
with τ = w√
2(1+w2r2)
being the torsion of S2.
VII. APPENDIX C: THE TRANSVERSE
EFFECTIVE POTENTIAL
For Eq. (B12), the associated Schro¨dinger equation can
be expressed as
− ~
2
2m∗
(∂z + ilτ)
2ψ − ~
2
4m∗
∂2rψ −
~2
4m∗
τ2ψ = Eψ. (C1)
Here the term ilτ plays the role of the minimally cou-
pling of U(1)-like gauge field that is determined by the
normal ground state |χ0,l〉, not by |ψ〉. Using the ansatz
ψ(r, z) = f(r)φ(z) [30], we can therefore split the depen-
dence on the variables to obtain the z-component differ-
ential equation as
− ~
2
2m∗
(
d
dz
+ ilτ)2φ(z) = E0φ(z). (C2)
With a solution φ(z) = eikzz of Eq. (C2) without ilτ , we
have
E0 =
~2
2m∗
(kz + lτ)
2, (C3)
where kz is the z-component of momentum. It is worth-
while to notice that the energy eigenvalue E0 depends on
r with the term ilτ . Substituting Eqs. (C2) and (C3) into
Eq. (C1), we can obtain the r-component of Schro¨dinger
equation as
− ~
2
2m∗
d2
dr2
f(r) + U(r)f(r) = Ef(r), (C4)
where
U(r) = Vg(r) + E0. (C5)
If the azimuthal angle twisted around z can be de-
scribed by wz, the z-component of angular momentum
would be Lz = −i ~w∂z. This operator has the same eigen-
functions Lzφ(z) = ~wφ(z) as the operator in Eq. (C2).
The corresponding energy eigenvalue is ~m. We conclude
that the momentum kz is quantized as
kz = mw, m ∈ N. (C6)
The result is demonstrated by the periodicity in z-axis.
Note that the quantum number value of angular momen-
tum determines that the direction of particle is along
the z-axis: either upward m > −l√
2(1+w2r2)
or downward
m < −l√
2(1+w2r2)
.
Equation (C4) represents the motion in the r-axis with
a net potential
U(r) = − ~
2
4m∗
τ2 +
~2
2m∗
(mw + lτ)2
= − ~
2
2m∗
w2
η2
[
1
4
− (mη + l√
2
)2].
(C7)
This potential is a sum of two contributions: an attrac-
tive part 14 and a repulsive part (mη +
l√
2
)2. When
|mη + l√
2
| < 12 , U(r) plays the role of an anticentrifu-
gal potential that gathers the particles around the inner
rim. While |mη+ l√
2
| > 12 , U(r) is a centrifugal potential
that pushes the particle to the outer rim of S2. In the
former case, the geometric potential plays a major role,
causing the particles to gather to the inner edge. In the
latter one, the behavior can be inferred using the uncer-
tainty principle. Localized states tend to appear away
from the inner rim. Physically, one may understand the
appearance of localized states away from the central axis
using the following reasoning: for large r a particle on S2
will avail more space along the corresponding helix, and
thus the corresponding momentum and the energy will
be smaller than those for a particle closer to the inner
edge.
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